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In : f ∈ C[x ], square-free

Out : B ≤ R where

• R = mini 6=j |αi − αj | (the root separation)
• αi are the complex roots of f .

Example (Toy)

In : f = x4−60x3+1000x2−8000x

Out : B = any number ≤
√
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In : F ∈ (C[x1, . . . , xn])
n, zero-dimensional, all roots are simple.

Out : B ≤ R where

• R = mini 6=j ||αi − αj ||2 (the root separation)
• αi are the roots of F .

Example (Toy)

In : F = {f1, f2} where

[•] f1 = (x1−2)2+(x2−5)2−100

[•] f2 = (x2−5)2−(x1−2)2−25
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Problem

In : F ∈ (C[x1, . . . , xn])
n, zero-dimensional, all roots are simple.

Out : B ≤ R where

• R = mini 6=j ||αi − αj ||2 (the root separation)
• αi are the roots of F .

Example (Toy)

In : F = {f1, f2} where

[•] f1 = (x1−2)2+(x2−5)2−100

[•] f2 = (x2−5)2−(x1−2)2−25

Out: B = any number ≤
√
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Well Known Bounds....

Univariate: Mahler-Mignotte bound

BMM =

√
3|dis(f )|

dd/2+1 ||f ||d−1
2

Multivariate: Davenport-Mahler-Mignotte

BDMM(F ) =

√
|dis(Tf0)|

(∏n
i=1 ||fi ||

Mi
∞

)D−1
P(d1, . . . , dn, n)

where

P(d1, . . . , dn, n) = ∙ ∙ ∙ , D =
∏

i

di , Mi =
∏

j 6=i

di

f0(u) = a specially chosen separating element.

Tf0 = the resultant of (f0, F ) which eliminates x1, . . . , xn.
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Motivation

Fundamental problem in algorithmic mathematics

Termination criteria for subdivision methods

Asymptotic analysis of computing time

Sign evaluation of algebraic expressions

Root isolation

Algebraic number theory

Topological analysis of curves

Quantifier elimination

∙ ∙ ∙
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Consider the Mahler-Mignotte bound

BMM =

√
3|dis(f )|

dd/2+1 ||f ||d−1
2

Let f (x) = x4 − 60x3 + 1000x2 − 8000x
Then
BMM(f (x)) = 8.26 × 10−6 �

√
200

BMM(f (x/2)) = 1.05 × 10−6 6= 2BMM(f (x))

The same with all other pevious bounds (uni/multi-variate).

Challenge

Find a bound B such that

“Better than previous ones” B(f ) � BPrev (f )

“Covariant under scaling” B(f (x/s)) = sB(f (x))

”Efficiently computable” Time(B) ≈ Time(BPrev )
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Let
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Then

• BNew (F ) � BMM(F ) (almost always).

• BNew is covariant under scaling.

• s̃ can be computed in O(d) algebraic operations.
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Let

BNew =

√
|dis(Tf0)|
HD−1

P(d1, . . . , dn, n)
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New Bound: Multivariate

Theorem (Herman, Hong, Tsigaridas, 2015)

Let

BNew =

√
|dis(Tf0)|
HD−1

P(d1, . . . , dn, n)

where

H = min
s>0

∏n
i=1 ||

∑
e∈Support(fi )

sdi−|e||ae | ||Mi
∞

s
D
2
− 1

D−1

Then
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New Bound: Multivariate

Theorem (Herman, Hong, Tsigaridas, 2015)

Let

BNew =

√
|dis(Tf0)|
HD−1

P(d1, . . . , dn, n)

where

H = min
s>0

∏n
i=1 ||

∑
e∈Support(fi )

sdi−|e||ae | ||Mi
∞

s
D
2
− 1

D−1

Then

• BNew (F ) � BDMM(F ).

• BNew is covariant under scaling.

• H can be computed in in O (n ∙ m + d log(d)) algebraic
operations, where

m = # monomials of F , d =
n∑

i=1

di
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Comparison - Magnitude: Univariate

Bounds

Mahler-Mignotte New

BMM =

√
3|dis(f )|

dd/2+1 ||f ||2d−1 BNew =

√
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Example

f = x4 − 60x3 + 1000x2 − 8000x

Mahler-Mignotte New

BMM = 8.26 × 10−6 BNew = 2.02 × 10−2

||f ||2 = 8.06 × 103 H = 5.98 × 102
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f = x4 − 60x3 + 1000x2 − 8000x
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∞
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Bounds

Davenport-Mahler-Mignotte New
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Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

Davenport-Mahler-Mignotte New

BDMM = 2.12 × 10−37 BNew = 2.72 × 10−25

|f1||2∞||f2||2∞ = 5.04 × 105 H = 4.64 × 101
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Comparison - Behavior Under Scaling: Multivariate

The new bound scales covariantly.

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

BNew ( F (x1/s, x2/s) ) [-]

BDMM( F (x1/s, x2/s) ) [-]
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B(f (x/s))

s
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Then
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Main Observation

Let
B : f 7→ R be a root separation bound
B∗ : f 7→ maxs

B(f (x/s))
s

Then
B∗ is a root separation bound
B∗(f ) ≥ B(f )
B∗ is covariant under scaling.

Example

f = x4 − 60x3 + 1000x2 − 8000x
B = BM
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Let
B : f 7→ R be a root separation bound
B∗ : f 7→ maxs
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s

Then
B∗ is a root separation bound
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B∗ is covariant under scaling.

Example

f = x4 − 60x3 + 1000x2 − 8000x
B = BM
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ds

BM(f (x/s))

s
= 0
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m
...

Q(s) = 0
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Derivation: Univariate

We can reduce

d

ds

BM(f (x/s))

s
= 0

...

m
...

Q(s) = 0

Q(s) is a polynomial with single sign change in the coefficients

Example

Q(s) = 14
3 |a0|2 s8 + 8

3 |a1|2 s6 + 2
3 |a2|2 s4 − 4

3 |a3|2 s2 − 10
3 |a4|2

Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Univariate

Theorem (Hong 1998)

Let f =
∑m

i=0 cix
ei . Let

H(f ) = max
q

cq<0

min
p

cp>0,ep>eq

(
|cq|
|cp|

) 1
ep−eq

Then 2H(f ) is an upper bound for the positive real roots of f .
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Theorem (Hong 1998)

Let f =
∑m

i=0 cix
ei . Let

H(f ) = max
q

cq<0

min
p

cp>0,ep>eq

(
|cq|
|cp|

) 1
ep−eq

Then 2H(f ) is an upper bound for the positive real roots of f .

Theorem (Herman, Hong, 2014)

Let f be with a single sign change and let x ∗ be the unique
positive root of f . Then

1/2 H(f ) ≤ x∗ ≤ 2 H(f )
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Derivation: Univariate

Theorem (Hong 1998)

Let f =
∑m

i=0 cix
ei . Let

H(f ) = max
q

cq<0

min
p

cp>0,ep>eq

(
|cq|
|cp|

) 1
ep−eq

Then 2H(f ) is an upper bound for the positive real roots of f .

Theorem (Herman, Hong, 2014)

Let f be with a single sign change and let x ∗ be the unique
positive root of f . Then

1/2 H(f ) ≤ x∗ ≤ 2 H(f )

Theorem (Melhorn, Ray, JSC 2010)

H(f ) can be computed in linear time in m.
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• For BNew = BM (f (x/s̃))
s̃

BNew is a root separation bound.
BNew (f ) ≈ B∗

M(f ).
BNew (f ) ≥ BM(f ) almost always.
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Derivation: Univariate

• For BNew = BM (f (x/s̃))
s̃

BNew is a root separation bound.
BNew (f ) ≈ B∗

M(f ).
BNew (f ) ≥ BM(f ) almost always.

• We still need to show that Bnew is covariant under scaling.
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q
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p

(√
|h(p)|

√
|h(q)|

|aq|/sq

|ap|/sp

) 1
q−p
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Note

s̃(f (x/s)) = max
q

min
p

(√
|h(p)|

√
|h(q)|

|aq|/sq

|ap|/sp

) 1
q−p
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min
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(√
|h(p)|

√
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|ap|

) 1
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/s
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Hence
BNew (f (x/s)) =

BM(f ( x
s̃(f (x/s))/s))

s̃(f (x/s))

=
BM(f ( x

s̃/s /s))

s̃/s

= s
BM(f (x/s̃)

s̃
= s BNew (f )

We have proved the covariance.
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Derivation: Multivariate

Main Observation

Let s > 0 and

B ′ : F 7→
B( F (s) )

s

where

F (s) = (f
(s)
1 , . . . , f

(s)
n ), f (s) = sdeg(f )f (x/s)

Then B ′ is a root separation bound.

Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

Main Observation

Let s > 0 and

B ′ : F 7→
B( F (s) )

s

where

F (s) = (f
(s)
1 , . . . , f

(s)
n ), f (s) = sdeg(f )f (x/s)

Then B ′ is a root separation bound.

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

Roots of F [•]

Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

Main Observation

Let s > 0 and

B ′ : F 7→
B( F (s) )

s

where

F (s) = (f
(s)
1 , . . . , f

(s)
n ), f (s) = sdeg(f )f (x/s)

Then B ′ is a root separation bound.

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

Roots of F [•]

Roots of F (2) [•]

Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

Main Observation

Let s > 0 and

B ′ : F 7→
B( F (s) )

s

where

F (s) = (f
(s)
1 , . . . , f

(s)
n ), f (s) = sdeg(f )f (x/s)

Then B ′ is a root separation bound.

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

Roots of F [•]

Roots of F (2) [•]
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Proposition

Let

B∗ : F 7→ max
s>0

B(F (s))

s

Then
• B∗ is a root separation bound.
• B∗ scales covariantly
• B∗(F ) ≥ B(F )

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

BDMM (F (s))
s [•]
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We have

arg max
s>0

BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where
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where
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s
D
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D−1
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= . . . = arg min

s>0
R(s)

where

R(s) =

∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
= x2

1 + x2
2 − 4x1 − 10x2 − 71
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arg max
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BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where

R(s) =

∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
= x2

1 + x2
2 − 4x1 − 10x2 − 71

||f (s)
1 ||∞ =||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞
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We have

arg max
s>0

BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where
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∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
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D−1

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
= x2

1 + x2
2 − 4x1 − 10x2 − 71

||f (s)
1 ||∞ =||x2
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= max{1, 1, 4s, 10s, 71s2}
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We have

arg max
s>0

BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where

R(s) =

∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
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D−1

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
= x2

1 + x2
2 − 4x1 − 10x2 − 71

||f (s)
1 ||∞ =||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞

= max{1, 1, 4s, 10s, 71s2}
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

= x2
2 − x2

1 + 4x1 − 10x2 − 4
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We have

arg max
s>0

BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where

R(s) =

∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

Example

f1 = (x1 − 2)2 + (x2 − 5)2 − 100
= x2

1 + x2
2 − 4x1 − 10x2 − 71

||f (s)
1 ||∞ =||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞

= max{1, 1, 4s, 10s, 71s2}
f2 = (x2 − 5)2 − (x1 − 2)2 − 25

= x2
2 − x2

1 + 4x1 − 10x2 − 4

||f (s)
2 ||∞ = max{1, 1, 4s, 10s, 4s2}
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Derivation: Multivariate

We have

arg max
s>0

BDMM(F (s))

s
= . . . = arg min

s>0
R(s)

where

R(s) =

∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

Example

BDMM(F (s))

s
R(s) =

||f (s)
1 ||2 ∙ ||f (s)

2 ||2

s
4
2
− 1

4−1
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Derivation: Multivariate

In Log − Log space, R is piecewise linear.

Log−Log
−→
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log(R(s)) = log

(∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

)

� Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

In Log − Log space, R is piecewise linear.

log(R(s)) = log

(∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

)

=
n∑

i=1

Mi log(||f (s)
i ||∞) −

(
D

2
−

1

D − 1

)

log(s)

� Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

In Log − Log space, R is piecewise linear.

log(R(s)) = log

(∏n
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∞

s
D
2
− 1

D−1
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=
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Mi log(||f (s)
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D

2
−
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D − 1
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=
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−

(
D

2
−

1

D − 1

)

log(s)

� Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

In Log − Log space, R is piecewise linear.

log(R(s)) = log

(∏n
i=1 ||f

(s)
i ||Mi

∞

s
D
2
− 1

D−1

)

=
n∑

i=1

Mi log(||f (s)
i ||∞) −

(
D

2
−

1

D − 1

)

log(s)

=
n∑

i=1

Mi max
e∈Support(f )

(di − |e|) log(s) + log(|ae |)

−

(
D

2
−

1

D − 1

)

log(s)

=
n∑

i=1

Mi max
e∈Support(f )

(di − |e|)t + log(|ae |)

−

(
D

2
−

1

D − 1

)

t
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Derivation: Multivariate

log(R)(t) =






− 5/3 ∙ t t ≤ − 2.30

7/3 ∙ t + 9.21 − 2.30 ≤ t ≤ −1.96

13/3 ∙ t + 13.1 −1.96 ≤ t ≤ 0.91

19/3 ∙ t + 11.3 0.91 ≤ t
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Derivation: Multivariate

log(R)(t) =






−5/3 ∙ t t ≤ −2.30

7/3 ∙ t + 9.21 −2.30 ≤ t ≤ −1.96

13/3 ∙ t + 13.1 −1.96 ≤ t ≤ 0.91

19/3 ∙ t + 11.3 0.91 ≤ t

Given a “nice” piece-wise description of log(R), finding the
minimum is easy.
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Derivation: Multivariate

Recall

log(R) =
n∑

i=1

Mi log(||f (s)
i ||∞) −

(
D

2
−

1

D − 1

)

log(s)
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Derivation: Multivariate

Recall

log(R) =
n∑

i=1

Mi log(||f (s)
i ||∞) −

(
D

2
−

1

D − 1

)

log(s)

We will find a piece-wise description of log(||f (s)
i ||∞) for

i = 1, . . . , n, then combine them to find a piece-wise description
for log(R).
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We have

log(||f (s)
1 ||∞) = log(||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞)
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We have

log(||f (s)
1 ||∞) = log(||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞)

= log(max{1, 1, 4s, 10s, 71s2})

= log(max{1, 10s, 71s2})

= max{0, log(s) + log(10), 2 log(s) + log(71)}

= max{0, t + log(10), 2t + log(71)}

Note

Since log(||f (s)
1 ||∞) has O(di )

pieces, we can compute the
piece-wise rep. using O(di )
comparisons.
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Derivation: Multivariate

We have

log(||f (s)
1 ||∞) = log(||x2

1 + x2
2 − 4sx1 − 10sx2 − 71s2||∞)

= log(max{1, 1, 4s, 10s, 71s2})

= log(max{1, 10s, 71s2}) “Pruning”

= max{0, log(s) + log(10), 2 log(s) + log(71)}

= max{0, t + log(10), 2t + log(71)}






0 t ≤ −2.30

t + 2.30 −2.30 ≤ t ≤ −1.96

2t + 4.26 −1.96 ≤ t
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Given

log(||f (s)
1 ||∞) log(||f (s)

2 ||∞)






0 t ≤ −2.30

t + 2.30 −2.30 ≤ t ≤ −1.96

2t + 4.26 −1.96 ≤ t






0 t ≤ −2.30

t + 2.30 −2.30 ≤ t ≤ 0.91

2t + 1.39 0.91 ≤ t

We can compute

log(R) = 2 log(||f (s)
1 ||∞) + 2 log(||f (s)

2 ||∞) − (5/3) ∙ t

Herman, Hong, Tsigaridas Root Separation Bounds



Derivation: Multivariate

Given

log(||f (s)
1 ||∞) log(||f (s)

2 ||∞)






0 t ≤ −2.30
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



0 t ≤ −2.30

t + 2.30 −2.30 ≤ t ≤ 0.91

2t + 1.39 0.91 ≤ t

We can compute

log(R) = 2 log(||f (s)
1 ||∞) + 2 log(||f (s)

2 ||∞) − (5/3) ∙ t

=






−5/3 ∙ t t ≤ −2.30
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To find minimizer of R(s):

• O(n ∙ #monomials of fi ) algebraic operations for “Pruning”.

• O(di ) comparisons to compute the piece-wise representations of

||f (s)
i ||∞ using the Convex Hull Trick.

• O(
∑d

i=1 di log
(∑d

i=1 di

)
) algebraic operations to compute the

piece-wise representation of R(s).

• O(
∑d

i=1 di ) algebraic operations to read off the minimizer.

Theorem

The minimizer of R(s) can be computed in O(n ∙ m + d log(d))
algebraic operations.
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- are much smaller than the exact root separation.
- do not scale correctly.

• Derived new root separation bounds which
- are almost always bigger than the previous bounds.
- scale correctly.
- as cheap as the previous bounds.

Open challenges

• Translation invariance
- easy to formulate bounds, but they are expensive

• Lower bound for discriminant
- easy for integer coefficients, but they are pessimistic

Herman, Hong, Tsigaridas Root Separation Bounds



Thanks!

Herman, Hong, Tsigaridas Root Separation Bounds


